Introduction
Stock market integration, stock market comovement and return spillovers between developed and developing stock markets, particularly CEE markets, are of great importance for international investors making financial decisions. Increased comovement of stock markets returns may diminish the advantage of internationally diversified investment portfolios [30] .
The most common method of measuring stock market comovement is linear correlation, expressed by Pearson's correlation coefficient, a symmetric, linear dependence metric [30] suitable for measuring dependence on multivariate normal distributions [11] . However correlations may be nonlinear or time-varying ([10[, [52] ), and dependence between two stock markets as the market rises may be different than the dependence as the market falls [34] . A more accurate understanding of stock market interdependencies may be achieved by applying econometric methods. In the literature the following methods are often used to measure the level of stock market comovement: correlation coefficients (e.g. [28] , [31] ), Vector Autoregressive (VAR) models ( [20] , [33] ), cointegration analysis ( [19] , [36] ), GARCH models ( [1] , [5] , [10] , [50] ) and regime switching models ( [13] , [45] ). A novel but promising approach is a wavelet analysis of stock market comovement.
Candelon et al [2] argue that comovement analysis should consider the distinction between short-and long-term investors. From a portfolio diversification point of view, shortterm investors are more interested in the comovement of stock returns at higher frequencies (short term movements), and longterm investors focus more on the lower frequency comovements. As such, one must resort to frequency domain analysis to obtain insights into comovement at the frequency level ( [29] , [35] , [43] , [48] ). In such a context, with both the time horizon of economic decisions and the strength and direction of economic relationships between variables that may differ according to the time scale of the analysis, wavelet analysis may prove to be a useful analytical tool [41] .
Economic and financial phenomena may exhibit different characteristics on different time scales, and thus wavelet analysis tools enable us to investigate the multiscale features of these phenomena. As wavelets are localized in both time and scale, unlike Fourier analyses and spectral analyses, they thus provide a convenient and efficient way of representing complex variables or signals [42] . Moreover, because of its translation and scale properties, nonstationarity in the data is not a problem when using wavelets and prefiltering is not needed [41] . Wavelet analysis is suitable for detecting seasonal and cyclical patterns, structural breaks, trend analyses, fractal structures and multiresolution analyses [8] . Wavelets in finance are primarily used as a signal decomposition tool (e.g. [32] , [16] , [14] , [17] , [18] , [51] ), or a tool to detect and return comovement between CEE and developed European stock markets. To our knowledge, this is the first study to apply this methodology to CEE stock markets. The more recent empirical literature on the interdependence of CEE stock markets to developed stock markets predominantly apply correlation analysis ( [21] , [47] ), Granger causality tests ( [22] , [36] ), cointegration analysis ( [36] , [49] ) and GARCH modelling ( [3] , [44] .
The structure of the paper is as follows. Econometric methodology is described in the first chapter. Maximal overlap discrete wavelet transform (MODWT) is explained and some practical issues for MODWT analysis are addressed. In the second chapter, we present the data, describe in detail our empirical study of return comovement and energy decomposition, and interpret the results. Main implications of the empirical analysis are revisited in the conclusion.
Econometric Methodology
To study the comovement of the CEE stock markets (Slovenia, the Czech Republic and Hungary) with developed European stock markets (Austria, France, Germany and United Kingdom), we apply methodology of [29] . Interdependence between stock markets exists in two forms [53] -comovement, which measures the contemporaneous relationship between volatilities, and spillover, which indicates the lead-lag relationship. Stock market return spillover analysis is based on the idea that if news (a shock) in one stock market (reflected in its return) in time t -1 affects the returns of another stock market in time t, there are return spillovers, and the returns of the first market explain the returns of the second market. However, if there is a high degree of stock market comovement, then in the observed time period (e.g. one day, one week, etc.), stock returns synchronously move in the same direction.
We focus on return comovement analysis by estimating the following model (by ordinary least squares):
where: r D A ,t (τ j ) = from MODWT wavelet details reconstructed returns of the stock index A at scale τ j , r D A ,t (τ j ) = from MODWT wavelet details reconstructed returns of the stock index B at scale τ j , α = a regression constant, b = a regression parameter, ε A = error of the regression model.
The proposed model is estimated in the following steps. First we transform the indices' return series by MODWT. We obtain wavelet and scaling coefficients, which we use to study the energy decomposition of the return series at different time scales (j). This inspection allows us to determine which time scales capture the most volatility of the indices' return series. In the next step we use only those scales that capture the greatest share of energy to reconstruct the original return time series from the wavelet details. In this way we obtain reconstructed returns of the indices on a scaleby-scale basis. For pairs of reconstructed return time series we then estimate the ordinary least squares model proposed by equation (1).
Description of the Maximal Overlap Discrete Wavelet Transform (MODWT)
The MODWT is a linear filtering operation that transforms a series into coefficients related to variations over a set of scales. It is similar to the discrete wavelet transform (DWT), but it gives up the orthogonality property of the DWT to gain other features that render MODWT more suitable for our analysis of stock market return comovement [39] , as: i) the ability to handle any sample size, regardless of whether the series is dyadic (i.e. of size 2 J 0 , where J 0 is any positive integer); ii) increased resolution at coarser scales as the MODWT oversamples the data; iii) translation-invariance, which ensures that MODWT crystal coefficients do not change if the time series is shifted in a "circular" fashion; iv) the MODWT produces a more asymptotically efficient wavelet variance estimator than the DWT.
MODWT Wavelet Coefficients and
Scaling Coefficients Wavelets are small waves, whereas by contrast, sinus and cosinus are large waves. A wavelet, by definition, is any function that is square-integrable and integrates to zero. The wavelet transform is a mechanism that allows us to quantify how averages of a time series over particular scales change from one interval of time to the next [40] . These changes are quantified in wavelet coefficients, which form the bulk of any discrete wavelet transform [38] .
Let X be an N-dimensional vector whose elements represent the real-valued time series {X t : t = 0,..., N -1} (we use the same notation as [40] 
and
where This periodic extension of the time series is known as analyzing {X t } using "circular boundary conditions" ( [6] , [40] ). There are L j -1 wavelet and scaling coefficients that are influenced by the extension ("the boundary coefficients"). Since L j increases with j, the number of boundary coefficients increases with scale. Excluding boundary coefficients in the wavelet variance, wavelet correlation and covariance provides unbiased estimates [6] .
MODWT Energy and Additivity
Decomposition One of the important uses of the MODWT is to decompose the sample variance of a time series on a scale-by-scale basis. Since the MODWT is energy conserving, the following equation holds [39] : (5) and a scale-dependent analysis of variance from the wavelet and scaling coefficients can be derived as [6] (6) Wavelet variance is defined for stationary and nonstationary processes with stationary backward differences. Considering only the non-boundary wavelet coefficient, obtained by filtering stationary series with MODWT, the wavelet variance υ 2 X (τ j ) is defined as the expected value of W 2 j,t . In this case, υ 2 X (τ j ) represents the contribution to the (possibly infinite) variance of {X t } at the scale τ j = 2 j-1 and can be estimated by the unbiased estimator [40] : (7) Where M j ≡ N -L j -1 > 0 is the number of non-boundary coefficients at the jth level.
It is possible to prove that the asymptotic distribution of υ 2 X (τ j ) is Gaussian, a result that allows the formulation of confidence intervals for the estimate ( [37] , [46] ).
Another useful characteristic of MODWT is additive decomposition. The time series X can be recovered from its MODWT via [40] : (8) which defines a MODWT-based multiresolution analysis (MRA) of X in terms of the jth level MODWT details D j = Λ 
MODWT Parameters
Some practical issues, besides the handling of appropriate boundary conditions, should be addressed before the start of MODWT analysis:
Choice of wavelet filter. MODWT is less dependent on the wavelet filter choice than is discrete wavelet transform [40] , but different wavelet filter properties may still result in different wavelet analysis results. A reasonable choice of the filter must consider the specific analysis goal we want to achieve (such as isolation of transient events in a time series, analysis of variance, multiresolution analysis, etc.) and the properties we need in a filter to achieve that goal [40] . Choosing a wavelet filter of the shortest width (L = 2,4,6) can sometimes introduce undesirable artefacts into the resulting analyses. Alternatively, while wavelet filters with a large L can be a better match to the characteristic features in a time series, their use can result in more coefficients being influenced by boundary conditions and an increase in computational burden.
[40] suggest a strategy of using the smallest L that gives reasonable results. The Daubechies class of wavelets possesses appealing regularity characteristics and produces transforms that are effectively localized differences of adjacent weighted averages. The least asymmetric (LA) subclass, known as symmlets, has approximate linear phase and exhibits near symmetry about the filter midpoint. This linear phase property means that events and sinusoidal components in the wavelet and scaling coefficients at all levels can be aligned with the original time series. For the MODWT, this alignment is achieved by circularly shifting the coefficients by an amount dictated by the phase delay properties of the basic filter [6] . LA filters are available in even widths L. A wider filter is smoother in appearance and reduces the possible appearance of artefacts in a multiresolution analysis due to the filter shape. It also results in stronger uncorrelation between wavelet coefficients across scales for certain time series, which is useful for deriving confidence bounds from certain waveletbased estimates [7] . Taking all these considerations into account, LA (8) filter is an appropriate choice [40] , as it yields coefficients that are approximately uncorrelated between scales while having a filter width short enough such that the impact of boundary conditions is tolerable [6] . Choice of level J 0 . The appropriate choice depends primarily on the time series at hand [40] . For complete decomposition of a series of length N = 2 J (J is any positive integer number) using the DWT, the maximum number of levels in the decomposition is J. The MODWT can accommodate any sample size N and, in theory, any J 0 . In practice, the largest level is commonly selected such that J 0 ≤ log 2 (N) in order to preclude decomposition at scales longer than the total length of the time series. The selection of J 0 determines the number of octave bands and thus the number of scales of resolution in the decomposition [6] . 
Empirical Results

Description of the Data
Tests of Time Series Stationarity
To test stationarity of stock index return time series, Augmented Dickey-Fuller (ADF), Phillips-Perron (PP) and Kwiatkowski-PhillipsSchmidt-Shin (KPSS) tests are applied. Test results are presented in Table 2 .
The null hypothesis of the KPSS test, indicating that the time series is stationary, for a model with a constant plus trend, can be rejected at the 5% significance level for the return series of LJSEX and ATX. Since trend is not significantly different from zero, we give advantage to KPSS model results with no trend. For that model we cannot reject the null hypothesis of stationary process for any stock index return series, expect for LJSEX, at the 1% significance level. The null hypothesis of PP and ADF tests is rejected for all stock indices. On the basis of the stationarity tests, we conclude that all index return time series are stationary.
Empirical Results of the Energy Decomposition and Return Comovement between Stock Markets
Energy Decomposition Results
MODWT transformations of the indices return series are performed by using a Daubechies least asymmetric filter with a wavelet filter length of 8 (LA8). This is a common wavelet filter used in other empirical studies on financial market interdependencies ( [15] , Ranta 2010). The maximum number of levels in the decomposition is 6 (J 0 = 6) to achieve an optimal level balance between sample size and the length of the filter.
Scale 1 measures the dynamics of returns over 2 to 4 days, scale 2 over 4 to 8 days, scale 3 over 8 to 16 days, scale 4 over 16 to 32 days, scale 5 over 32 to 64 days and scale 6 over 64 to 128 days. To obtain unbiased estimates, only non-boundary wavelet coefficients must be considered. There are 2,619 MODWT wavelet coefficients not affected by boundary condition. Table 3 shows that 38 percent of LJSEX return variability is captured by scale 1 (2 to 4 day dynamics). Scale 2 captures 29.6 percent of all LJSEX return variability. It is evident that most energy, for all indices, is captured by scales 1 and 2. This finding is in accordance with other studies. [12] finds that the first and second scale of all indices investigated explain at least 60 percent of return variability; in the U.S. equity market the scales explain 75 percent. [29] finds that these two scales capture around 70 percent of energy for Korean stock market indices and around 80 percent for U.S. stock market indices. It follows that, from the point of view of stock markets return comovement analysis, the most interesting are the first two scales.
Tab. 3:
A scale-based energy decomposition of stock indices returns (in % of the index return energy) 
Stock Market Comovement Analysis
Results To estimate regression model (1), we reconstruct the returns series using the first and second high-frequency wavelet details, D 1 and D 2 , and then apply OLS to obtain parameter estimates of regression (1) .
As wavelet energy decomposition indicates that most of the energy is captured by the first two scales, we estimate model (1) by using reconstructed indices returns for these two scales in the following manner:
we estimate model (1) The strength of comovement is measured by R 2 and the significance of the regression parameter b ( [29] , [48] ).
Estimation results for the Slovenian stock market (LJSEX) are presented in Table 4 . Parameter estimates of the regression models are highly significant, as indicated by t-statistics, which shows that there exists comovement between LJSEX returns and returns of other investigated indices at the daily returns level, at the scale 1 level, and for the case of the summated first two scales. The adjusted R 2 reveals that the volatility of LJSEX raw returns is best explained by the volatility of PX and ATX returns. It follows that Slovenian stock market comoves more with stock markets of Austria and the Czech Republic and less with other observed stock markets. 1, XVII, 2014 On scale 1, the LJSEX return's comovement with other stock markets is reduced. As with the raw return data, LJSEX return volatility is best explained by PX return volatility. Volatility in CAC40 and FTSE100 returns explains only about 2 percent of LJSEX return volatility. Taking summated returns of scales 1 and 2, which correspond to a time span of 2 to 8 days, more LJSEX return volatility can be explained by volatility in foreign stock indices, especially PX and ATX indices. Two to eight day PX return dynamics can explain about 22 percent of LJSEX return dynamics over this time horizon, whereas ATX returns explain approximately 28 percent.
The finding that raw returns and summed scales 1 and 2 returns are more connected than scale 1 returns was also obtained by [29] and [48] . [29] , who studies return spillovers between U.S. and Korean stock markets using lagged returns of the explanatory variable finds significant return spillovers from the U.S. to the Korean stock market. Significance of parameter estimates and R 2 for raw return and summed scales 1 and 2 return series were slightly higher than for scale 1 series. [48] find strong co-movements only between pairs of Irish, UK and Portuguese stock market returns. The UK and Irish stock markets were most connected, as R 2 for the raw return series reached 0.32, for scale 1 returns 0.22, and for summed scale 1 and scale 2 returns 0.25.
Parameter estimates of the regression models for the Czech stock market are also highly significant (Table 5 ). Higher adjusted R 2 reveals that the Czech stock market returns comove more synchronously with the Hungarian and developed stock market returns, as is the case for Slovenia. PX return volatility is best explained by ATX and BUX return volatility. Interestingly, both Czech and Slovenian stock markets seem to comove with the Austrian stock market to a greater extent than with other developed stock markets. This finding could be explained by historical ties, strong economic ties, investments of Austrian enterprises in these two countries, and equity connection between the observed stock markets. Namely, the stock exchanges in Ljubljana, Prague, Vienna and Budapest are owned by a common holding company.
Tab. 4:
Results of the estimation of the regression model ( As in the case of LJSEX, reconstructed scale 1 returns of PX exhibit smaller interdependence with foreign stock markets than do raw return series. PX 2 to 8 day return dynamics (i.e. scale 1 plus scale 2) also exhibit less comovement with foreign stock market returns, with exception of the Slovenian and Austrian stock market, than raw return series.
All parameter estimates of regression model (1) for BUX are significant (Table 6 ). At the aggregated (raw) return series, BUX volatility is best explained by PX volatility, followed by FTSE100 and DAX return volatility. Similar to PX, diversification benefits at the 2 to 8 day investment horizon seem to be greater than at the scale 1 horizon or at the daily horizon.
Tab. 5:
Results of the estimation of the regression model ( As in the Czech case, the Hungarian stock market return volatility is more synchronized with developed European stock market volatility than the Slovenian stock market. Similar conclusions were also reported by studies of [21] and [22] . This finding can be attributed to the fact that the Czech and Hungarian stock markets have attracted many foreign investors [3] , while the Slovenian stock market has struggled to do so. Further, the liquidity of shares listed on the Ljubljana stock exchange is significantly smaller than on the Prague and Budapest stock exchanges. According to [4] , Ljubljana stock exchange equity turnover in 2010 was €0.7 billion, that of the Prague stock exchange €30.5 billion and that of the Budapest stock exchange €39.9 billion. As argued by [9] , stock market liquidity can significantly explain stock market comovement. However, the authors investigate the comovement of daily return series and did not investigate return comovement at particular time scales. As noted by [53] , the financial market consists of a variety of agents with different time horizons, and therefore it is postulated that market linkage could differ across time scales. Our findings confirm thisthe strength of comovement between stock markets is scale dependent.
Comovement analysis should consider the distinction between short-and long-term investors [2] . The findings of the survey then have important implications for foreign financial investors who already hold international portfolios that exactly replicate those of nonCzech or non-Hungarian stock markets; international investing in the Czech or Hungarian stock markets with investment horizons corresponding to scale 2 (4 to 8 days) brings greater international diversification benefits than shorter (2 to 4 day horizon) international trading diversification strategies. When moving from raw (daily) to scale 1 (2 to 4 day) and scale 1 plus scale 2 (2 to 8 day) return dynamics, the comovement between stock markets reduces, but the advantages of international diversification grow. The Slovenian stock market differs from the Czech and Hungarian markets also in this respect, as when the scale is increased the benefits of diversification are reduced.
Conclusion
The studies of the interdependence of CEE stock markets with more developed European stock markets has so far predominantly applied correlation analysis, Granger causality tests, cointegration analysis and GARCH modelling. In this study we applied a novel approach of maximal overlap discrete wavelet transform to analyse multiscale stock market return volatility dynamics and return comovement between CEE (Slovenia, the Czech Republic and Hungary) and developed European stock markets (Austria, France, Germany and the UK). Two MODWT features are used for this purpose: MODWT energy decomposition, and additivity decomposition. The results of MODWT energy decomposition show that the first two scales of indices return series capture from 68 percent to 81 percent of the return series variability. We then applied methodology of [29] to study stock market comovement and found that the Czech and Hungarian stock markets comove more closely between themselves and the developed European markets than does the Slovenian stock market. The degree of comovement between the Austrian stock market and the Czech and Slovenian stock markets is higher than for other observed developed stock markets, probably due to historical reasons and strong economic ties. The unique finding of the study is that when moving from raw (daily) to scale 1 (2 to 4 day) and scale 1 plus scale 2 (2 to 8 day) return dynamics, the comovement between stock markets reduces, but the advantages of international diversification increase.
